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In the framework of chiral kinetic theory (CKT), we consider a system of right- and left-handed
Weyl fermions out of thermal equilibrium in a homogeneous weak magnetic field. We show that
the Lorentz invariance implies a modification in the definition of the momentum current in the
phase space, compared to the case in which the system is in global equilibrium. Using this modified
momentum current, we derive the linearized conservation equations from the kinetic equation up to
second order in the derivative expansion. It turns out that the eigenmodes of these equations, namely
the hydrodynamic modes, differ from those obtained from the hydrodynamic in the Landau-Lifshitz
(LL) frame at the same order. We show that the modes of the former case may be transformed to the
corresponding modes in the latter case by a global boost. The velocity of the boost is proportional to
the magnetic field as well as the difference between the right- and left-handed charges susceptibility.
We then compute the chiral transport coefficients in a system of non-Abelian chiral fermions in the
no-drag frame and by making the above boost, obtain the well-known transport coeffiecients of the
system in the LL frame. Finally by using the idea of boost, we reproduce the AdS/CFT result for
the chiral drag force exerted on a quark at rest in the rest frame of the fluid, without performing
any holographic computations.
I. INTRODUCTION
The parity-odd transport in chiral systems has attracted much interest recently. The generation of non-dissipative
currents in the direction of external magnetic field (chiral magnetic effect (CME)) can be related to presence of
microscopic anomaly in such systems [1, 2]. When this effect is accompanied with the chiral separation effect, would
lead to propagation of a gap-less excitation in the system, the so-called chiral magnetic wave (CMW) [3]. In heavy
ion collisions, CMW induces the electric quadrupole moment of the quark-gluon plasma [4–6]. In condensed matter
the CME may explain the negative magneto-resistance in Weyl semimetals [7, 8] and the same in Dirac semimetals
[9]. On the other hand, the anomalous current may be induced in the direction of rotation as well. The well-known
chiral vortical effect (CVE) was first discussed in the context of astrophysics [10].
The chiral transport has been studied in various theoretical frameworks. In lattice field theory, CMW has been
numerically shown to exist in gauge theory [11]. In AdS/CFT, CVE has been found in the long wavelength limit of
boundary gauge theory, i.e. in the hydrodynamics regime [12, 13]. The latter, specifically, motivated to construct
the chiral hydrodynamics [14–16]. Recently, the presence of mixed gauge-gravitational anomaly predicted by chiral
hydrodynamics, has been confirmed in Weyl semimetals [17].
Kinetic theory is another theoretical framework by which one can study the non-equilibrium dynamics in classical
systems with rare collisions. Interestingly, it can be used to study the chiral transport in a system of Weyl fermions
in presence of electromagnetic fields. If the flux of Berry curvature through a given Fermi surface is non-vanishing,
the particle number associated with the Fermi surface has a triangle anomaly [18]. So one can enter the effect of
anomalous particle number non-conservation in kinetic equation by putting a Berry monopole at the origin of the
momentum space. The resultant kinetic description is called the chiral kinetic theory [19]. Using chiral kinetic theory,
one can find the non-equilibrium expressions for the CME as well as the CVE in a system of Weyl fermions [19].
Collective excitations are basically the macroscopic observables reflecting the microscopic dynamics in the system,
2specifically the effect of anomalies, at low energy. To get more insight about the chiral transport from chiral kinetic
theory, it is natural to study its collective excitations, specially in the long wavelength limit, corresponding to the
hydrodynamics. Such study for a system of right- and left-handed fermions, coupled to an external homogeneous
magnetic field, was first done in [20]. In the mentioned paper, the collective modes either in long wave-length regime
and also beyond the hydro regime were found. However, their study was under this approximation that the energy
and momentum perturbations are decoupled from the chiral charge perturbations. Considering only the perturbations
of two opposite chirality charge densities, they derived the expression of chiral magnetic wave from the chiral kinetic
theory. As the first part in this paper we want to extend the computations of [20] to the case in which all the
hydrodynamical perturbations are taken into account. While at first look it seems straightforward, we will show that
such extension requires a new modification in the structure of kinetic theory.
Let us recall that the classical action of the massless Dirac particles is not manifestly Lorentz invariant [21]. It has
been shown that Lorentz invariance dictates a modification in the energy dispersion of massless particles in magnetic
field [22]. It is exactly this modification which ensures the angular momentum conservation in the collisions and also
leads to non-locality in the collision integral due to the side jump [23]. The above-mentioned shift in the dispersion of
energy is specific to global equilibrium in which the system can either couple to an external constant magnetic field
or uniformly rotate around an axis.
When considering the system out of equilibrium, however, local vorticity induced by the momentum perturbations
may play a non-trivial role in the system. We will extend the computations given in [22] to the latter case and show
that the Lorentz invariance obliges to modify the momentum current of the massless particles, out of equilibrium.
While the shift in the energy dispersion of the particles found in [22] is due to a spin-magnetic coupling, in our case,
the shift in momentum current turns out to be due to spin-vorticity coupling. Using this modified momentum current,
we then find the set of conservation equations from the kinetic equation, in the long wave length regime and in a weak
magnetic field. In this setup, one naturally expects to observe the mixing between different perturbations. We show
that CMWs will mix with the perturbations of temperatue and make the chiral magnetic heat waves. The sound
wave will mix with perturbations of charge densities as well. Moreover, the magnetic field may couple with the local
perturbations of vorticity in the system and give chiral Alfve´n waves, (see [24–26] for first observations of chiral Alfve´n
waves in the hydrodynamics).
Independently and in the context of chiral hydrodynamics, a similar study in a chiral system had been done before.
In [26], hydrodynamic excitations in a rotating chiral fluid coupled to a magnetic field was computed. While all the
computations in [26] are done for a general conformal fluid, the final results are reported for a system of weakly
coupled chiral fermions. Such system is exactly the one under our study in the present paper. So we would consider
the case without global vorticity in [26] and compare their results with what we obtain from chiral kinetic theory. It
is seen that the expressions of six hydrodynamic modes in the above two cases are not exactly the same. Each of the
dispersion relations obtained in [26] differs from its counterpart in chiral kinetic theory, by a contribution proportional
to the magnetic field.
In the second part of the paper we will focus on realizing the reason for the above difference. Since in both cases
mentioned above the magnetic field is taken so weak as a one derivative object, one notices that the difference between
two sets of results is just due to the derivative corrections. It is basically reminiscent of the difference between the
different fluid frames in hydrodynamics. As it is well-known, out of local equilibrium, namely beyond the zero order
in hydrodynamic expansion, the hydrodynamic fields are not well-defined. One can redefine velocity, temperature,
etc, by freely adding any symmetry-allowed combination of derivative terms. By making each redefinition, however,
the physical objects like energy density and charge density remain invariant. Each choice of defining the hydro fields
is also referred to as a frame in hydrodynamics.
Our main idea to explain the discrepancy between the two sets of results is that their associated computations are
being done in two different hydrodynamic frames. The frame used in [26] is the Landau-Lifshitz (LL) frame. By
3definition, it is the hydrodynamical frame in which no energy flows in the rest frame of the fluid, namely uµ = (1,0)
means no energy current. In any another frame, the energy flow in the rest frame of the fluid may then be only
proportional to the magnetic field (or global vorticity), when neglecting the dissipation. By explicit calculations in
kinetic theory side we show that the latter is the case for our system of chiral fermions [51]; when uµ = (1,0), an
energy flow proportional to the magnetic field exists in the system. This confirms that the two sets of computations
explained in previous paragraph correspond to two differnt hydrodynamic frames.
Interestingly, since the magnetic field is a vector itself, we expect by changing the frame from the LL to the chiral
kinetic theory only the velocity vector to be corrected. On the other hand, the magnetic field is non-vanishing in the
equilibrium in both frames. We conclude that in the equilibrium state, the rest frame of the fluid in the LL frame
may be transformed to that in our system by a boost proportional to the magnetic field. We compute the velocity of
the associated boost for a system which is coupled to a magnetic field and is unifromly rotating around an axis.
The idea of boost in equilibrium state is in fact limited to cases that at least one non-vanishing one derivative object,
like magnetic field, exists in equilibrium. In the absence of such objects one can still redefine the hydro fields by one
derivative dissipative data, however, the different frames would not be distinguished from each other in equilibrium.
This is exactly the case in deriving the Eckart frame from the LL frame [27]. Since the energy flow vanishes in the
rest frame of fluid in both Eckart and LL frames, these two frame are not distinguishable in the equilibrium.
Let us recall that the collective excitations propagate on top of the equilibrium state in the rest frame of the fluid.
Knowing this and based on the above arguments, one can understand how the hydrodynamic modes obtained in this
paper would be related to the modes in the LL frame. We show that the velocity of each modes in former frame
is transformed to velocity of its counterpart in latter frame by exactly the above-mentioned boost between the rest
frames in equilibrium.
On the other hand, the hydrodynamic regime of chiral kinetic theory corresponds to the hydrodynamic in the
Laboratory (Lab) frame [28] (sometimes it is also called the thermodynamic frame [15]). This fluid frame is the one in
which the rest frame of the fluid in equilibrium coincides with the laboratory Lorentz frame to all orders in derivative
expansion. In a chiral system with only axial current, the Lab frame has been shown to have this interesting property
that a heavy impurity at rest in the rest frame of the fluid is not dragged by the chiral fluid [29]. For this reason, the
Lab frame is called a no-drag frame as well.
Using the idea of boost, one can find the components of the energy-momentum tensor and charge currents in the
rest frame of the Lab frame from those of the LL frame and vice versa. On the other hand, using the second law of
thermodynamics, the constitutive relations for a system of non-Abelian chiral fermions have been computed in the
LL frame in [30]. So as the second check of the idea of boost, we first compute the anomalous transport coefficients in
the no-drag frame for a system of non-Abelian chiral fermions. Then by applying the boost, we reproduce the results
of [30]. Let us denote that one can reduce the non-Abelian group to U(1)V × U(1)A. The latter may correspond to
a system of right- and left-handed chiral fermions, the one we discussed earlier in kinetic theory. We show that the
transport coefficients of the latter system [28, 31, 36], are a special subclass of the no-drag frame results. This could
be regarded as the simple generalization of the [29] to a chiral system with two types of chirality. As expected, the
hydrodynamic limit of chiral kinetic theory corresponds to a no-drag frame.
At the last part of the paper we give another evidence in favor of the boost idea. As it is well-known, the drag force
exerted on a heavy quark in a fluid can be computed in the context of AdS/CFT. Based on the seminal computations
of [32, 33] and by the use of Fluid/Gravity duality [34], the authors of [35] computed the drag force exerted on a
moving quark in a chiral fluid in presence of a constant magnetic field in the LL frame. We will show that a part
of the computations of [35] associated with the chiral drag force affected on a quark at rest in the rest frame of the
fluid can be independently found just by the above-mentioned boost together with some previously-reported results
of Fluid/Gravity duality. To show that, we first find the most general form of the chiral drag force in a fluid up to
first order in derivative expansion. We rewrite this general expression for a moving quark in the rest frame of the fluid
4in LL frame and then make a boost to go to the rest frame of the fluid in the no-drag frame. Requiring the resultant
drag force to vanish for a quark at rest in the new frame, we find two constraints on the coefficients of general drag
force mentioned above. We show that these two constrains together with the coefficient of drag force at zero order
[32, 33] and also with the expressions of two chiral energy transport coefficients [36] are sufficient to determine the
chiral drag force computed in [35] for a quark at rest in the rest frame of the fluid in LL frame. Let us emphasize
that we reproduce this result without performing any AdS/CFT computations.
The paper is organized as it follows; in section II, after a brief review of chiral kinetic theory we show how the
Lorentz invariance implies a modification in the definition of the momentum current. In section III we compute the
spectrum of hydrodynamic modes from chiral kinetic theory. In section IV we review the hydrodynamic of chiral
systems and review some of the results of [26]. In section V, we motivate the idea of boost and make relation between
the results of section III with those reviewed in section IV. In section VI we will show that the hydrodynamic frame
corresponding to the chiral kinetic theory is a no-drag frame. In section VII, we utilize the idea of boost from section
V and reproduce the chiral drag force computed via AdS/CFT for a quark at rest in the rest frame of the fluid in the
LL frame. We end in section with reviewing the novel results and pointing some future directions.
II. CHIRAL KINETIC THEORY AND ITS NEW MODIFICATION
In a system of weakly interacting quasi-particles with rare collisions, the out of equilibrium dynamics can be
described by the evolution of the distribution function of quasi-particles, np, in (x,p) space. The dynamics of
distribution function is governed by the the Boltzmann transport equation
∂np
∂t
+ x˙ · ∂np
∂x
+ p˙ · ∂np
∂p
= Icoll{np}, (1)
where Icoll{np} is the collision integral. In order to find np from the kinetic equation, we have to add the equations
of motion for x and p to the above equation. In presence of a homogeneous electromagnetic field, we may write the
equations for the Weyl fermions as
x˙ =
∂ǫp
∂p
+ p˙×Ωp, (2)
p˙ = eE+ e x˙×B. (3)
Here Ωp is the Berry flux which is the flux corresponding to the Berry monopole located at the center of momentum
space and is given by
Ωp =∇p ×Ap = λ e p
p3
, Ap = i〈up|∇pup〉. (4)
In the above expression, λ = ±1/2 is the helicity (or equivalently the chiralitry) of right- and left-handed Weyl
fermions. Right particles with λ = 1/2 are sometimes referred to as χ = R and left particles λ = −1/2 as χ = L in
this paper. The presence of e = ±1 in the expression of (4) shows that the Berry curvature for particles and anti
particles have opposite signs. Combining the equations (2 and 3), we may write
√
Gx˙ =
∂ǫp
∂p
+ eE×Ωp + eB
(
∂ǫp
∂p
· Ωp
)
,
√
Gp˙ = eE+ e
∂ǫp
∂p
×B+ e2 Ωp (E · B) , (5)
where G = (1 + eB ·Ωp)2 is the phase space invariant. While for a massless right-handed Weyl particle we simply
expect the energy disperses as ǫ(p) = p, the presence of an external magnetic field changes this picture. It has been
shown that if the Weyl particles couple to magnetic field, Lorentz invariance requires a shift of energy in the dispersion
5relation equal to the spin magnetic moment coupling [22]. It can be simply computed as the following. First we define
energy density as
T 00 ≡ ǫ =
∫
d3p
(2π)3
√
G ǫ(p)np. (6)
Then we multiply equation (1) by
√
Gǫ(p) and then integrate over p to write it as ∂µT
µ0 = Eiji with
T i0 = −
∫
d3p
(2π)3
[
(δij + eBiΩj)
ǫ2
p
2
∂np
∂pj
+ ǫijk
ǫ2
p
2
Ωj
∂np
∂xk
]
. (7)
Lorentz invariance obliges that T i0 has to be equal to the momentum density defined as
T 0i ≡ πi =
∫
d3p
(2π)3
√
G p˜i np. (8)
Here p˜ as the modified momentum in phase space. In a homogeneous system,
∂np
∂x
= 0, Lorentz invariance up to first
order in weak magnetic field gives [22]
ǫ(p) = p− λ e B · p
p2
, p˜ = p. (9)
In the following we will see that as far as we study the Weyl systems in global equilibrium these modifications are
sufficient. However, when the system is deviated from its global equilibrium, the momentum will be shifted as well.
A. Global Equilibrium State
Since the theory of Weyl fermions is invariant under CPT, the antiparticles participate in collisions as well and
consequently, we must take them into account. We can do it by considering the particle charge e = ±1 as an additional
discrete index of the distribution function. According the above considerations, the equilibrium distribution function
of fermions is given by:
n˜(λ,e)
p
=
1
eβ(ǫ(p)−eµχ) + 1
. (10)
Since the energy dispersion of the particles given by (9) depends on helicity, we consider λ as another index of the
distribution function. In the above relation, χ = R,L refers to the right- and left-handed particles (and anti-particles)
respectively.
In this work our system will be always subject to an external weak magnetic field. The strength of the magnetic
field is of the order of derivatives of quantities, near equilibrium. Therefore one can expand the above distribution
function in a derivative expansion as the following
n˜(λ,e)
p
= n˜
(λ,e)
0p −
(
∂n˜
(λ,e)
0p
∂ǫ(p)
)
eq.
(
λ e
B · p
p2
)
ǫf +O(ǫ
2
f ), (11)
with n˜
(λ,e)
0p =
(
eβ(p−eµχ) + 1
)−1
. Please note that
(
∂n˜
(λ,e)
0p
∂ǫ(p)
)
eq.
is taken with respect to the ǫ(p) = p. Here ǫf is a
parameter which counts the number of derivatives and we set it to unity at the end of the computations. It is clear
that the equation (11) gives us the most general thermodynamic distribution function of a system of single right- and
left- handed fermions in presence of long wavelength background fields, perturbatively, up to first order in derivative
expansion.
6Using the above distribution function, one may compute the following thermodynamic quantities:
w =
4
3
(ǫR + ǫL) =
4
3
∑
λ
∑
e
∫
p
ǫ(p) n˜(λ, e)
p
= T 4
(
µ4R + µ
4
L
6π2T 4
+
µ2R + µ
2
L
3T 2
+
7π2
45
)
,
nχ =
∑
e
∫
p
e n˜(λ, e)
p
= T 3
(
µ3χ
6π2T 3
+
µχ
6T
)
, χ = R,L
χ¯χ =
(
∂ nχ
∂µχ
)
T
= T 2
(
µ2χ
2π2T 2
+
1
6
)
, χ = R,L
Cv =
∂ǫ
∂T
=
7π2T 3
15
+
T
(
µ2R + µ
2
L
)
2
, (12)
where we have used the notation
∫
p
≡ ∫ d3p(2π)3√G. Please note that while χ denotes the chirality in this paper, χ¯χ
refers to the thermodynamic susceptibility associated with the charge nχ.
B. Local Equilibrium State
Out of global equilibrium, the thermodynamic variables like β, µ and u (the velocity of the system which vanished
in equilibrium in Lab frame) will no longer be constant in the whole of the system and they are not even meaningful
quantities. In the long wavelength limit however, in the absence of dissipative processes, one would be able to promote
them to be local functions of space and time and write the distribution function in the local co-moving frame as
n(λ,e)
p
(x, t) =
1
eβ(x,t)
(
ǫ(p)−p·u(x,t)−λ e pˆ·ω(x,t)−eµχ(x,t)
)
+ 1
. (13)
If the length scale of variations in the system is much larger than the microscopic length scale in the system, β(x, t)−1,
u(x, t), ω(x, t) = 12∇× u(x, t) and µχ(x, t) identify with the temperature, velocity, vorticity and chemical potential,
all as the local functions of space and time, respectively. These functions are called the hydrodynamic fields in local
equilibrium state.
One may have noticed that (13) solves the kinetic equation at zero order in derivative expansion. Thanks to deriva-
tive expansion in long wavelength limit, we can also find the solution at first order by expanding the hydrodynamic
fields around their thermodynamic values. To proceed, we may write
β(x, t) = β + ǫF δβ(x, t), µχ(x, t) = µχ + ǫF δµχ(x, t), u(x, t) = ǫF
pi(x, t)
w
(14)
with ǫF denoting another perturbative parameter which counts the order of fluctuations around equilibrium and will
be set to unity at the end of computations. Due to later requirements we have defined the fluid velocity fluctuations
in terms of momentum fluctuations pi and the enthalpy density w. From now on we drop the arguments of the
fluctuation fields and work with δβ, pi and δµχ for simplicity.
In order to specify the solution of the kinetic equation at first order, we now use (14) and expand (13) around the
equilibrium solution (10). To first order in fluctuations, we obtain:
n(λ,e)
p
(x, t) = n˜(λ,e)
p
+
(
∂n˜
(λ,e)
p
∂ǫ(p)
)
eq.
(
ǫ(p)− eµχ
β
δβ −
(
p+
λ e
2
pˆ×∇
)
· pi
w
− eδµχ
)
ǫF +O(ǫ
2
F )
= n˜
(λ,e)
0p −
(
∂n˜
(λ,e)
0p
∂ǫ(p)
)
eq.
(
−e λ B · p
p2
+
ǫ(p)− eµχ
β
δβ −
(
p+
λ e
2
pˆ×∇
)
· pi
w
− eδµχ
)
+O(ǫ2f , ǫ
2
F ),
(15)
where in writing the second line we have used (11). Let us note that among the corrections in the above expression,
the first term in parentheses is just a derivative term of order O(ǫf ǫ
0
F ). While the second and fourth terms are of
7order O(ǫ0f ǫF ), the third term is a combination of two terms itself; it is clear that one part of this term is of order
O(ǫ0f ǫF ) and the other part is of order O(ǫf ǫF ).
In fact, (15) can solve the kinetic equation up to first order in derivatives and in the small amplitude regime. We
will show that by inserting it in the kinetic equation, six equations can be found for exactly the six fields β, µR, µL
and u, corresponding to six conservation laws in physical space.
C. Modifying the Momentum Current
As we advertised earlier, out of global equilibrium, the presence of magnetic field can modify the definition of the
momentum current. Let us now see how it happens. Lorentz invariance basically implies that (7) has to be equivalent
with (8). We saw that this requirement leads to a modification in the of the energy dispersion in the equilibrium state
(10) (see equation (9)). We may reconsider the above Lorentz invariance condition when the system is out of global
equilibrium. In this case, the second term in (7) will no longer vanish. So it is reasonable to demand that (8) gets a
correction as the following:
T 0i =
∫
d3p
(2π)3
√
G
(
pi + fi(p)
)
np (16)
where fi(p) is a one derivative vector operator. Using dispersion of energy in (9), the condition T
0i = T i0 simplifies
to the following equation, to first order in derivatives,
−
∫
d3p
(2π)3
ǫijk
p2
2
λ e
pj
p3
∂np
∂xk
=
∫
d3p
(2π)3
fi(p)np. (17)
This equation shows that the momentum density (16) is given by
pi =
∫
d3p
(2π)3
√
G
(
p− λ e
2
pˆ×∇
)
np. (18)
Clearly, the second contribution in the integrand does not survive in the equilibrium. To our knowledge, this new
contribution in the definition of momentum density in presence of magnetic field, was not well-known in the literature
before. This modification compared to well known structure of momentum current, which is one of our results in this
paper, suggests that in order to derive the equation of momentum conservation from the kinetic equation, the object
which has to be multiplied with the kinetic equation is the following modified momentum operator
p˜ = p− λ e
2
pˆ×∇. (19)
We will show that this is the right momentum which gives the hydrodynamic modes in the long wave-length limit of
the chiral kinetic theory.
III. PERTURBATIVE SOLUTION FOR THE KINETIC EQUATION
In the ansatz solution given by (15), there are six unknown hydro fields: δβ, pi and δµR,L. At first sight it may
seem that we want to find six unknown hydrodynamic fields from only one equation (1). The presence of conservation
laws in collisions however, allows us to derive exactly six equations for these six unknown fields. It will be the main
content of the following subsection.
8A. Conservation Equations
In order to derive the conservation equations from kinetic theory, it is standard to multiply the kinetic equation
(1) by the collision invariant objects and then performing the integral over the momentum p. There are basically six
conserved objects in the collisions in our system; the axial and vector charges, three components of momentum and
the energy. For each of these objects one may derive a macroscopic conservation equation from the kinetic equation.
The two equations associated with the axial and vector charge conservation in collisions may be alternatively given
formally as
∑
e
∫
p
e
(
∂n
(λ,e)
p (x, t)
∂t
+ x˙ · ∂n
(λ,e)
p (x, t)
∂x
+ p˙ · ∂n
(λ,e)
p (x, t)
∂p
)
=
∑
e
∫
p
e Icoll{n(λ,e)p (x, t)} = 0, χ = R,L (20)
where we have used the notation
∫
p
≡ ∫ d3p(2π)3√G. Note that for each chirality we have to sum over the both particle
(e = 1) and anti-particle (e = −1) contributions. In order to find the energy and momentum conservation equations,
one multiples the kinetic equation (1) by ǫ(p) and p˜ and integrate over p and then sum over e and λ:
∑
e,λ
∫
p
ǫ(p)
(
∂n
(λ,e)
p (x, t)
∂t
+ x˙ · ∂n
(λ,e)
p (x, t)
∂x
+ p˙ · ∂n
(λ,e)
p (x, t)
∂p
)
=
∑
e,λ
∫
p
ǫ(p) Icoll{n(λ,e)p (x, t)} = 0, (21)
∑
e,λ
∫
p
p˜
(
∂n
(λ,e)
p (x, t)
∂t
+ x˙ · ∂n
(λ,e)
p (x, t)
∂x
+ p˙ · ∂n
(λ,e)
p (x, t)
∂p
)
=
∑
e,λ
∫
p
p˜ Icoll{n(λ,e)p (x, t)} = 0. (22)
These equations become exactly the hydrodynamic equations when considering in the long wave-length limit. To
obtain the hydrodynamics at first order, we have to substitute (15) in the above equations and keep terms up to
second order in derivatives. Let us recall that we would like to work in the regime in which the constitutive relations
of hydrodynamics are up to first order in gradients and consequently, the equations of motion have to be taken to
second order in gradients.
Let us take the hydro fields as φa = {δµχ, δβ,pi}, a = 1, · · · , 6. In the following we work with the Fourier
transformed of hydro fields, which is defined as
φa(x, t) =
∫
d3k dω e−iωt+ik·x φa(ω,k). (23)
In this paper we always study the propagation in the direction of the magnetic field B ‖ k and so each SO(3) vector
like pi would be given as
pi = (π⊥1 , π
⊥
2 , π
‖) (24)
where π‖ is the component of pi parallel to the wave vector and π⊥1 and π
⊥
2 are the traverse components of pi. So the
hydro fields may be simply given by
δφa = (δµR,L, δT, π
⊥
1 π
⊥
2 , π
‖), a = 1, · · · 6. (25)
In the low amplitude regime, the six linearized conservation equations may then written as
Mab(ω, k) δφb = 0, a = 1, · · · 6. (26)
Our next task is to specify the elements of the matrix Mab(ω, k). Let us denote that equations a = 1, 2 are the
linearized form of the (20), the equations a = 3 will be obtained by linearizing (21) and a = 4, 5, 6 denote the
equations (22) when linearized.
9To be more clear, we give in the following not only the fully momentum integrated form of each equation, but as a
priority, we also give each equation before integrating. In other words by considering∫
p
(· · · ) =
∫
d3p
(2π)3
√
G(· · · ) =
∫
p2dpdΩ
(2π)3
√
G(· · · ) =
∫
dp dΩ
(2π)3
(
p2
√
G(· · · )
)
︸ ︷︷ ︸
expanded integrand
, (27)
in the following subsection, we give the expanded integrands corresponding to hydro linearized equations together
with the macroscopic hydro equation (see also Appendix XD).
1. charge conservation
In order to find the hydrodynamic equations corresponding to the charge conservation in collisions, let us consider
equations (20). Using (15), we then can expand these equations to first order in hydro fields φa and formally write∑
e
∫
p
eACχδφaδφa = 0, χ = R,L (28)
where ACχδφa denotes the coefficient of δφa field in the equation of charge conservation (C) corresponding to the particles
with χ chirality, before performing the integral over the momentum space p. There are twelve of these coefficients
for different values of a = 1, · · · , 6 and χ = R,L. These are given by
ACχδµχ′ =
i e β(p · k − pω) eβ(p−eµχ)
p2
(
eβ(p−eµχ) + 1
)2
{
p3 + λB · p
[
2p · k − pω
p · k − pω + pβ tanh
(β
2
(p− eµχ)
)]}
, χ, χ′ = {R,L}
ACχδβ = −
i (p · k − pω) (p− eµχ) eβ(p−eµχ)
p2
(
eβ(p−eµχ) + 1
)2
{
p3 + λ B · p
[
p · k
p · k − pω −
eµχ
p− eµχ + pβ tanh
(β
2
(p− eµχ)
)]}
,
ACχ
π⊥i
=
β
(
e(p×B)⊥i + ip⊥i (p · k − ωp)
)
eβ(p−eµχ)
p2 w
(
eβ(p−eµχ) + 1
)2
×
{
p3 + λ
[
B · p
(
2 + pβ tanh
(β
2
(p− eµχ)
))
+
ipp⊥i
(
B · p ω − p2 B · k
)− e p22 (p× k)⊥i (p · k − pω)
e(p×B)⊥i + ip⊥i (p · k − pω)
]}
,
i = 1, 2
ACχ
π‖
=
i βp‖(p · k − pω) eβ(p−eµχ)
p2w
(
eβ(p−eµχ) + 1
)2
{
p3 + λ B · p
[
2p · k − pω
p · k − pω + pβ tanh
(β
2
(p− eµχ)
)]}
. (29)
Let us mention that the last expression includes four of the twelve coefficients itself; ACR
π
‖
1
, ACR
π
‖
2
, ACL
π
‖
1
and ACL
π
‖
2
. It
should be also noted that the magnetic field B and wave vector k are assumed to be parallel in this paper. Now by
performing the integral over p, namely over p, θ and φ in spherical coordinates, and doing sum over e = ±1 in (28),
and also by the use of equations (12), we obtain the following two equations:
(
χ¯R ω − B
4π2
k
)
δµR +
(
µRχ¯R − 3nR
)
ω
δβ
β
+
µR
w
(
B
4π2
ω − nR
µR
k
)
π‖ = 0, (30)
(
χ¯L ω +
B
4π2
k
)
δµL +
(
µLχ¯L − 3nL
)
ω
δβ
β
− µL
w
(
B
4π2
ω +
nL
µL
k
)
π‖ = 0. (31)
These two equations are nothing but the equations of conservation for the right- and left-handed charge densities in
the low energy to first order derivative regime. In the language of hydrodynamics, they are in correspondence with
the linearized form of the following two hydrodynamic equations of the vector and axial currents
∂µJ
µ
V = 0,
∂µJ
µ
A = CE · B, (32)
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where vector and axial currents are related to right- and left-handed charge currents through JµV = J
µ
R + J
µ
L and
JµA = J
µ
R − JµL.
2. energy conservation
In order to find the hydrodynamic equations corresponding to the energy conservation in collisions, let us consider
equations (21). Using (15), we then can expand these equations to first order in hydro fields φa and formally write
∑
λ
∑
e
∫
p
AEδφaδφa = 0, (33)
where AEδφa denotes the coefficient of δφa field in the equation of energy conservation (E). The six AEδφa coefficients
with a = 1, · · · , 6 are given by
AEδµχ = pA
Cχ
δµχ
− i λ e βB · p (p · k − pω)e
β(p−eµχ)
p (eβ(p−eµχ) + 1)2
, χ = R,L
AEδβ = pACχδβ +
i λ B · p (p− eµχ) (p · k − pω)eβ(p−eµχ)
p (eβ(p−eµχ) + 1)2
,
AE
π⊥i
= pACχ
π⊥i
− λ βB · p e
β(p−eµχ) (e (p×B)⊥i + ip⊥i (p · k − pω))
pw (eβ(p−eµχ) + 1)2
, i = 1, 2
AEπ‖ = pA
Cχ
π‖
− i λ β p
‖B · p (p · k − pω)eβ(p−eµχ)
pw (eβ(p−eµχ) + 1)2
. (34)
Now one can perform the integral over p and evaluate sum over e = ±1 and λ = ±1/2 in (33). Then by use of (12),
we obtain the following equation:(
3nR ω − µR B
4π2
)
δµR +
(
3nL ω +
µL B
4π2
k
)
δµL − Cv ω δβ
β2
+
(
χ¯R − χ¯L
2w
Bω − k
)
π‖ = 0. (35)
This equation is the energy conservation equation in a system of right- and left-handed fermions in the long wavelength
limit. This equation is the linearized form of the following hydrodynamic equation:
∂µT
µ0 = F 0µJµ. (36)
Before leaving this subsection, let us give a comment concerning three equation (30), (31) and (35). If one forces
the momentum perturbations to be turned off, namely π‖ = 0, these equations make a complete set of equations for
the linear perturbations of temperature together with the right- and left-handed charge density perturbations. Such
situation has been considered in [37] (see also [38]). In low density high temperature or inversely in low temperature
high density limit, the temperature perturbations decouple as well. The latter case has been studied in [20]. In
general, the cases studied in [20, 37] are both related to forced fluids. In this paper however we let all six types of
perturbations hydrodynamically propagate in the system. So to close the equations, we need to derive the three other
equations associated with the momentum conservation in the system. ch computation would be the subject of next
subsection.
3. momentum conservation
Let us now consider equation (22). Using (19) and also (15), we expand this equation and keep linear terms in
fluctuations. To second order in derivative expansion we find∑
λ
∑
e
∫
p
APδφaδφa = 0, (37)
11
where APδφa denotes the coefficient of δφa field in the equation of momentum conservation (P). There are two different
group of these coefficients in (37). Six of them are related to momentum conservation in the direction of wave vector.
We show them by AP‖δφa . The other group contains eighteen coefficients of momentum conservation in directions
perpendicular to the wave propagation. We demonstrate them by AP⊥δφa . Let us first give the coefficients of first group.
It turns out that
AP‖a = p‖ACχa . (38)
Now by performing the integral over p and doing sum over e = ±1 and λ = ±1/2 in (28), and also by use of (12), we
obtain the following equation:( µR
4π2
Bω − nR k
)
δµR −
( µL
4π2
Bω + nL k
)
δµL − Cv
3
k
δβ
β2
+
(
ω − χR − χL
2w
B k
)
π‖ = 0. (39)
The twelve AP⊥iδφa coefficients with a = 1, · · · , 6 and j = 1, 2 are given by
AP
⊥
j
δµχ
= p⊥j ACχδµχ +
λ β(p× k)⊥j (p · k − pω) eβ(p−eµχ)
2(eβ(p−eµc) + 1)2
, χ = R,L
AP
⊥
j
δβ = p
⊥
j ACχδβ −
λ e (p× k)⊥j (p− e µχ) (p · k − pω) eβ(p−eµχ)
2(eβ(p−eµc) + 1)2
,
AP
⊥
j
π⊥i
= p⊥j ACχπ⊥i −
iλ e β(p× k)⊥j (e(p×B)i + ipi(p · k − ωp)) eβ(p−eµχ)
2w (eβ(p−eµχ) + 1)2
, i = 1, 2,
AP
⊥
j
π‖
= p⊥j ACχπ‖ +
λ e β p‖(p× k)⊥j (p · k − pω) eβ(p−eµχ)
2w (eβ(p−eµχ) + 1)2
. (40)
As in the parallel case, by performing the integral over p and doing sum over e = ±1 and λ = ±1/2 in (37), and also
by use of (12), we obtain the following two equations:
ω π⊥1 −
i
w
(
(nR + nL)B +
1
2
k ω (nR − nL)
)
π⊥2 = 0, (41)
i
w
(
(nR + nL)B +
1
2
k ω (nR − nL)
)
π⊥1 + ω π
⊥
2 = 0. (42)
The set of three equations (39), (41) and (42) are the linearized equations of conservation of momentum in a system
of right- and left-handed fermions, in the long wavelength limit. These equations are in fact the linearized form of
the following hydrodynamic equations:
∂µT
µi = F iµJµ. (43)
Having specified the linearized equations perturbations in the long wavelength limit, our next task is to find the set
of eigen modes of these equations.
B. Hydro Modes
To find the hydrodynamic modes in our system, we now collect the linearized equations found in previous subsection
together. Recalling the consised notation (26), all the information of the equations (30, 31, 35, 39, 41 and 42) may
be simply given by the matrix Mab. We may write
Mab =


χ¯R ω − B4π2 k 0 T (µRχ¯R − 3nR)ω 0 0 µRw
(
B
4π2 ω − nRµR k
)
0 χ¯L ω +
B
4π2 k T (µLχ¯L − 3nL)ω 0 0 −µLw
(
B
4π2 ω +
nL
µL
k
)
3nR ω − µR B4π2 k 3nL ω + µL B4π2 k −ωCvT 2 0 0 (χR−χL) B2w ω − k
0 0 0 ω − i
w
(
(nR + nL)B +
1
2 k ω (nR − nL)
)
0
0 0 0 i
w
(
(nR + nL)B +
1
2 k ω (nR − nL)
)
ω 0
µR B
4π2 ω − nR k −µL B4π2 ω − nL k −kCvT
2
3 0 0 ω − (χ¯R−χ¯L) B2w k


.
(44)
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The six linear coupled algebraic equations have been replaced with the above matrix. In order to have non-trivial
solution for the system of equations we require to have
det(M) = 0. (45)
When solving this equation in a power series in k, the corresponding roots, namely ω(k)’s, specify the dispersion of
hydrodynamic modes in the system. Since the linearized equations have been found to second order in derivatives in
this paper, we are able to find the hydrodynamic modes to order ǫ2f as well. To this end we set:
ω → ǫf ω(0) + ǫ2f ω(1), B→ ǫfB, k → ǫfk, (46)
where ω(0) and ω(1) correspond to dispersion at zero and first order hydrodynamics, respectively. Using (46), it turns
out that the equation (45) contains terms which are at least of sixth order in gradients, i.e. O(ǫ6f ):
det(M) = E6 ǫ6f + E7 ǫ7f + O(ǫ8f ) = 0. (47)
The leading order in the expression of hydro modes can be simply computed by solving E6 = 0. One obtains:
ω
(0)
1,2(k) = 0, (48)
ω
(0)
3,4(k) = ±
1√
3
k, (49)
ω
(0)
5,6(k) = ±
nR + nL
w
B. (50)
Substituting (48) in (47) we obtain
det(M) =
[(
ω
(1)
1,2
)2
+
A1
2E B · k ω
(1)
1,2 + (A21 −A22 + 4A3 E)
B2
4E2 k
2
]
+ O(ǫ9f ) = 0 (51)
The coefficients have been defined in the following. This gives
ω
(1)
1,2(k) = −
(
A1 ±
√
A22 − 4A3 E
)
1
2 E B k. (52)
Let us compute the correction to the sound waves. Equation (47) for both modes in (49) simplifies to
det(M) =
[
(χ¯R − χ¯L)B · k − 6wω(1)3,4
]
+ O(ǫ8f ) = 0 (53)
and so we have
ω
(1)
3,4(k) =
χ¯R − χ¯L
6w
B k. (54)
Finally for both of modes given in (50) we find from (47)
det(M) =
[
(n2R − n2L)B · k − 2w2 ω(1)5,6
]
+ O(ǫ8f ) = 0 (55)
which leads to
ω
(1)
5,6(k) =
(nR + nL)(nR − nL)
2w2
B k. (56)
Collecting the zero order together with the first order parts of the modes, we may write the set of hydrodynamic
modes up to first order on derivative expansion as it follows:
ω1,2(k) = −
(
A1 ±
√
A22 − 4A3 E
)
1
2 E B k,
ω3,4(k) = ± 1√
3
k +
χ¯R − χ¯L
6w
B k,
ω5,6(k) = ±nR + nL
w
B +
(nR + nL)(nR − nL)
2w2
B k, (57)
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where by use of the thermodynamic relations (12) with the susceptibility coefficients (see Appendix X) we may write
E = −ǫijkαiβjγk, (ǫ123 = 1),
A0 = α[1γ2]
(
(nR + nL) (µR + µL)
2
+
(
µ2R − µ2L
)2
8π2
)
− α[1γ3]
(
(nR + nL) (µR − µL) +
(
µ2R − µ2L
)
(µR + µL)
2
24π2
)
+α[1β3]
(
(nR − nL) (µR − µL)
2
+
(
µ2R − µ2L
)2
8π2
)
− α[1β2]
(
(nR − nL) (µR + µL) +
(
µ2R − µ2L
)
(µR − µL)2
24π2
)
+
T
(
µ2R − µ2L
) (
α[2γ3] (µR + µL) + α[3β2] (µR − µL)
)
12
,
A1 = 1
4π2
{
α[3β1] + α[2γ1] +
A0
w
}
,
A2 = 1
4π2
{
α[3β1] + α[2γ1] +
2A0 +
(
µ2R − µ2L
) E
2w
}
,
A3 = C
2
vT
12π4w
. (58)
Note that we used the convention A[iBj] ≡ AiBj −AjBi.
In order to show that each of the hydrodynamic modes (57) carry which set of perturbations, we now compute
the eigenvectors corresponding to these modes. To proceed we reconsider equations (25) and (26). The eigenvector
corresponding to the ith mode is a vector in the six dimensional space of perturbations and we call it δφia. It has to
obey the following equation
Mab(ωi, k) δφ
i
b = 0, a = 1, · · · 6. (59)
For the first two modes in (57) we obtain
δφ1,2 =
(
−r, −s, r α2
α1
+ s
α3
α1
, 0, 0, 0
)
, (60)
with arbitrary parameters r and s (see [26] for more details). As it is seen, these modes carry the perturbations
of right- and left-handed charge densities together with the temperature perturbation. So these are actually the
chiral magnetic heat waves. These modes might be referred to as the scalar waves [24, 26]. Forcing the momentum
perturbations to be turned off, the temperature perturbation decouples and we obtain the famous CMW [3, 29]. Let
us consider the next two modes in (57). It turns out that
δφ3,4 =
(
C1
C2
,
C3
C2
, 1, 0, 0, ∓wE
C2
c2s
)
(61)
with
C1 = nα[1γ3] − n5 α[1β3] − w β[1γ3] (62)
C2 = nα[3γ2] − n5 α[3β2] − w β[3γ2] (63)
C3 = nα[2γ1] − n5 α[2β1] − w β[2γ1]. (64)
These modes carry the longitudinal momentum perturbation; so they are the sound modes. However, since they carry
the perturbations of right- and left-handed charge densities as well, they are in fact the modified sound modes. In
the zero density limit where n = n5 = 0, both C1 and C3 vanish and these modes become the ordinary sound waves.
The last two modes in (57) correspond to the following eigenvectors:
δφ5,6 =
(
0, 0, 0, 1, ±i, 0
)
(65)
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These waves carry pure vector perturbations and we refer to them as the vector waves. These wave are the analogue
of the chiral Alfve´n waves found in [24–26].
It is worth mentioning that the hydrodynamic modes in a chiral fluid with right and left chiralities has been studied
before in [26], in the context of hydrodynamics. It is interesting to compare the results obtained here from the chiral
kinetic theory with those in [26]. The latter comparison would be the subject of next the sections in the current
paper.
IV. REVIEW OF HYDRO MODES FROM HYDRODYNAMICS IN LANDAU-LIFSHITZ FRAME
In the previous section, we computed the hydro modes in a chiral system of both right- and left-handed chiral
fermions in presence of a homogeneous magnetic field. It is also possible to compute the hydro modes of such system
directly from the hydrodynamics. Such computations have been done in [25] for the case of fluid with single-chirality
and also in [26] for the same case that we are microscopically studying in the current paper. In the following and for
our later requirements, we briefly review the structure of chiral hydrodynamic equations and give the results obtained
in [26].
The hydrodynamic equations are simply the conservation equations. Getting JµV and J
µ
A as the vector and axial
currents, the hydro equations in presence of background magnetic field are
∂µT
µν =F νλJV λ,
∂µJ
µ
V =0,
∂µJ
µ
A = CEµBµ,
(66)
where we have defined the electric and magnetic field in the rest frame of this fluid as Bµ = 12ǫ
µναβuνFαβ and
Eµ = Fµνuν , respectively. The constitutive relations of energy-momentum and charge in a general hydrodynamic
frame are
T µν =(ǫ + p)uµuν + p ηµν + τµν ,
JµV,A =nV,A u
µ + νµV,A.
(67)
Here, τµν and νµν are the derivative corrections. Ignoring these corrections, (67) are showing the constitutive relations
of an ideal fluid in terms of six thermodynamical fields uµ(x), T (x), µV (x) and µA(x). The system in this case is called
to be in local equilibrium state. Out of local equilibrium, these thermodynamic fields will no longer be well-defined.
At every order in derivative expansion, to these terms, one may add the derivative corrections of the higher order
and redefine them without changing the dynamics at the that order. This six-degree ambiguity reflects itself in the
structure of constitutive relations. So it can be be fixed by demanding the derivative corrections in (67) obey exactly
six constraints. These constraints are referred to as the choice of frame in hydrodynamics.
In the well-known Landau-Lifshitz frame one demands:
uµ τ
µν = 0, (68)
uµ ν
µ
V,A = 0. (69)
Up to first order in derivative expansion, in the absence of dissipation and in presence of background weak vorticity
and magnetic fields, the constitutive relations are then fixed as the following in the Landau-Lifshitz frame:
T µν = wuµuν + p gµν, (70)
JµV = nV u
µ + ξV ω
µ + ξV B B
µ, (71)
JµA = nA u
µ + ξA ω
µ + ξAB B
µ, (72)
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with four unknown transport coefficients ξ’s in the axial and vector currents. In these expressions ωµ = 12ǫ
µναβuν∂αuβ
is the local vorticity of fluid. These coefficients, which sit in front of parity odd terms, have been shown to be related
to non-dissipative processes in chiral fluid [39]. Using this fact and demanding the second law of thermodynamics,
one can specify the structure of these coefficients in terms of thermodynamic variables together with the underlying
anomaly coefficients [14, 30, 40] (see also [26])
ξV = 2C
(
µV µA − nV µA
3w
(
3µ2V + µ
2
A
))− 2D nV µA
w
T 2,
ξA = C
(
µ2V + µ
2
A −
2nAµA
3w
(
3µ2V + µ
2
A
))
+D
(
1− 2nAµA
w
)
T 2,
ξV B = C µA
(
1− nV µV
w
)
,
ξAB = C µV
(
1− nAµA
w
)
,
(73)
where C and D are the coefficients of chiral anomaly and gravitational anomaly respectively, as
C = 1
2π2
, D = 1
6
. (74)
In [26], the long wave-length excitations of the above-mentioned chiral fluid have been computed in three different
cases. From those, we are interested just in the case that the chiral fluid is coupled to an external constant magnetic
field, in this paper. The equilibrium in the system is given by
uµ =
(
1, 0
)
, T = Const., µV = Const., µA = Const. (75)
The hydro modes in the system are the long wave-length solutions of the equations (66), when linearized around the
above equilibrium state. To linearize the equations, we consider the following perturbations
φa + δφa =
(
µV + δµV , µA + δµA, T + δT, 0 + π
‖, 0 + π⊥1 , 0 + π
⊥
2
)
. (76)
The six coupled linear equations then may be formally written as
MBab(k, ω)δφab(k, ω) = 0, (77)
with

−iβ1ω +
(
∂ξV B
∂T
)
iB k −iβ2ω +
(
∂ξV B
∂µV
)
iB k −iβ3ω +
(
∂ξV B
∂µA
)
iB k nV
w
ik − ξV B
w
iωB 0 0
−iγ1ω +
(
∂ξAB
∂T
)
iB k −iγ2ω +
(
∂ξAB
∂µV
)
iB k −iγ3ω +
(
∂ξAB
∂µA
)
iB k nA
w
ik − ξAB
w
iωB 0 0
−iα1ω −iα2ω −iα3ω ik 0 0
iα1v
2
s k iα2v
2
s k iα3v
2
s k −iω 0 0
0 0 0 0 −iω − ξV2w iB k −nVw B
0 0 0 0 nV
w
B −iω − ξV2w iB k


.
By the same procedure used below (45), one can find the hydrodynamic modes of the equations (77). It turns out
that
ω1,2(k) = −
(
A1 ±
√
A22 − 4A3 E
)
1
2 E B k,
ω3,4(k) = ± 1√
3
k, (78)
ω5,6(k) = ±nV
w
B− ξV
2w
B k,
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with
A1 = A2 = α[2, β1]
∂ξAB
∂µA
− α[2, γ1]
∂ξV B
∂µA
− α[3, β1]
∂ξAB
∂µV
+ α[3, γ1]
∂ξV B
∂µV
+ α[3, β2]
∂ξAB
∂T
− α[3, γ2]
∂ξV B
∂T
, (79)
A3 =
∂ξV B
∂µA
(− α1 ∂ξAB
∂µV
+ α2
∂ξAB
∂T
)
+
∂ξV B
∂µV
(
α1
∂ξAB
∂µA
− α3 ∂ξAB
∂T
)
+
∂ξV B
∂T
(
α3
∂ξAB
∂µV
− α2 ∂ξAB
∂µA
)
, (80)
E = −ǫijkαiβjγk (ǫ123 = 1). (81)
As discussed in detail in [26], the first two modes, namely ω1,2, are the scalar waves by the mean that they carry
the perturbations of vector and axial chemical potential together with the temperature perturbation. They are called
Chiral-Magnetic-heat Waves (CMHW). The next four modes in general, when considering the propagation in an
arbitrary direction with respect to the external magnetic field, are mixed scalar-vector waves and may carry the
perturbations of all six hydro fields. However when B ‖ k, which is assumed in this note, the scalar-vector modes
are distinguished from each other. They become two sound modes ω3,4 together with two chiral modes ω5,6 and
propagate independently. The last two modes, namely ω5,6, which are excited due to coupling between vorticity and
the magnetic field [26], are referred to as the Chiral-Alfve´n waves (CAW) [24].
In order to compare (57) with (78), we use (73) to rewrite the modes (78) as it follows
CMHW ω1,2(k) = −
(
A1 ±
√
A22 − 4A3 E
)
1
2 E B k,
Sound Waves ω3,4(k) = ± 1√
3
k, (82)
CAWs ω5,6(k) = ±nR + nL
w
B+
(
(nR − nL)(nR + nL)
2w2
− χ¯R − χ¯L
4w
)
B k,
A1 = A2 = A2, A3 = A3. (83)
with A2 and A3 defined in (58).
In next section, we will explain how the hydrodynamic modes computed in the framework of chiral kinetic theory
can be related to those found from the hydrodynamic in the Landau-Lifshitz frame.
V. MODES IN LAB FRAME FROM THOSE IN LANADAU-LIFSHITZ FRAME
Firstly let us recall that in the Landau-Lifshitz frame (LL) no energy flow would exist in the local rest frame of the
fluid. This can be simply seen in (70) when uµ = (1, 0, 0, 0):
T i0LL = 0. (84)
Now, we compute the same quantity in the long wave-length regime of CKT. Since the theory of Weyl fermions is
Lorentz invariant, namely T 0i = T i0, we can alternatively compute the momentum density T 0i as the energy flow in
the local rest frame of the fluid. Using equilibrium distribution function (11), the equilibrium momentum density (8)
reads, up to first order in derivative expansion
T i0CKT = T
0i
CKT = π
i
CKT =
∑
λ
∑
e
∫
d3p
(2π)3
√
G pi

n˜(λ,e)
p
−
(
∂n˜
(λ,e)
p
∂ǫ(p)
)
eq.
(
eλ
B · p
p2
)
ǫf


=
∑
λ
∑
e
∫
d3p
(2π)3
eλ
(
n˜(λ,e)
p
− (n˜(λ,e)
p
)2)
β Bj
pipj
p2
=
∑
λ
∑
e
∫
dp
2π2
eλ
(
n˜(λ,e)
p
− (n˜(λ,e)
p
)2) 1
3
β Bi
=
(
µ2R − µ2L
8π2
)
Bi =
χ¯R − χ¯L
4
Bi
(85)
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where from the second line to third one, we have exploited the isotropy of thermal state to replace pipj with 13p
2δij
in the integrand. We have also used the definition of the χ¯R,L from (12), in the last line. This results had been found
in the framework of quantum kinetic theory before [31].
Let us remember our convention about the momentum density, i.e. πi = viw. Now, considering (84) and (85),
we conclude that T i0LL is computed in a Lorentz frame which is boosted with respect to the frame in which T
i0
CKT
is computed. Let us emphasize that both (84) and (85) are computed in the rest frame of the fluid in equilibrium.
Consequently, in the equilibrium, the rest frames of the fluid in the two above frames are related to
each other by the following boost
β =
χ¯R − χ¯L
4w
B. (86)
This idea, namely connecting the rest frames of the fluid in two different frames, has an important outcome. Since the
hydrodynamic modes propagate in the rest frame on top of the equilibrium state in fluid, we must be able to rederive
the velocity of hydrodynamic modes in LL by applying the above Lorentz boost to those obtained from CKT.
To see more clearly the difference between the two sets of results, in Table I, we have shown the velocity of all six
hydrodynamic modes in both cases. Obviously, the velocity of hydro modes computed in LL frame differ from those
Type of mode Chiral Kinetic Theory Landau-Lifshitz
CMHW vCKT1,2 (k) = −
(
A1 ±
√
A22 − 4A3 E
)
1
2 E B v
LL
1,2 (k) = −
(
A1 ±
√
A22 − 4A3 E
)
1
2 E B
Sound vCKT3,4 = ±
1√
3
+ χ¯R−χ¯L
6w
B v
LL
3,4 = ±
1√
3
CAW vCKT5,6 =
(nR+nL)(nR−nL)
2w2
B v
LL
4,5 =
(
(nR−nL)(nR+nL)
2w2
−
χ¯R−χ¯L
4w
)
B
TABLE I: A1 = A1 + χ¯R−χ¯L8w E , A2 = A2 and A3 = A3.
obtained from the hydro regime of CKT. To check the idea of boost, introduced above, let us compute the velocity of
vCKTi modes after making the boost (86):
vCKTi →
vCKTi − β
1− vCKTi β
. (87)
In the following we perform (87) for each of vCKTi ’s, up to first order in derivative expansion. To keep track of
derivative corrections, we write each one derivative term with a ǫf factor and after expanding to first order in ǫf , we
set it to unity. In such counting, the velocity of boost given by (86) is of order ǫf itself.
• Chiral Magnetic Heat Waves:
Let us start with transforming the CMHWs. As mentioned earlier, these modes appear from the first order in
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derivative expansion. So we may write:
vCKT1,2 →
−
(
A1 ±
√
A22 − 4A3 E
)
1
2 E B ǫf − χ¯R−χ¯L4w B ǫf
1− O(ǫf )2
= −
((A1 + χ¯R − χ¯L
8w
E B)±√A22 − 4A3 E
)
1
2 E B ǫf + O(ǫ
2
f )
= −
(
A1 ±
√
A22 − 4A3 E
)
1
2 E B ǫf
= vLL1,2 .
(88)
From the second line to third line we have used the relation previously mentioned in the caption of Table I. As the
first check of our idea, we derived the CMHWs in LL frame by boosting the velocity of CMHWs obtained from CKT.
• Sound Waves:
Since the sound velocity does exist in zeroth order, we should perform the computations more carefully:
vCKT3,4 →
± 1√
3
+ χ¯R−χ¯L6w B ǫf − χ¯R−χ¯L4w B ǫf
1−
(
± 1√
3
+ χ¯R−χ¯L6w B ǫf
)
χ¯R−χ¯L
4w B ǫf
= ± 1√
3
+
((± 1√
3
)2(1
4
)
+
1
6
− 1
4
)
χ¯R − χ¯L
w
B ǫf
= ± 1√
3
= vLL3,4 .
(89)
This computation confirms that the velocity of sound waves in LL frame gets no correction from the magnetic field.
• Chiral Alfve´n Waves:
Analogous to CMHWs, CAWs appear from the first order in derivative expansion. So we may write
vCKT5,6 →
(nR+nL)(nR−nL)
2w2 B ǫf − χ¯R−χ¯L4w B ǫf
1− O(ǫf )2
=
(
(nR − nL)(nR + nL)
2w2
− χ¯R − χ¯L
4w
)
B ǫf
= vLL5,6 .
(90)
What we have shown above may be reviewed as it follows. In the long wave-length regime of the CKT, energy flows
in the rest frame of the system like (85). On the other hand, relativistic hydrodynamic in the LL frame demands no
energy flow exists in the rest frame of the fluid. This difference between energy flows in equilibrium is the key point
which motivates to relate two sets of results given in Table I by Lorentz transformations to each other. As explicitly
shown in (88), (89) and (90), the relation is nothing but a Lorentz boost with the velocity (86). Interestingly, (88) is
related to the shift in the frequency of sound due to Doppler effect.
Precisely speaking, the presence of such relation between the modes of two frames is the consequence
of the fact that in equilibrium, one can make the boost (86) to transform the rest frame of the fluid in
LL frame to the rest frame of the chiral system in the kinetic theory side.
Before ending this section let us mention that in a more general case we could consider the system not only being
coupled to the magnetic field B, but also rotating around a fixed axis with frequency Ω. As it was shown in [10]
for the CKT with B = 0 and Ω 6= 0, the energy flow in the rest frame of the fluid might be non-zero due to global
rotation in this case. It has been shown that in the same situation, for the fluid with both right- and left-handed
chiralities [23]
T i0CKT = T
0i
CKT = π
i
CKT = (nR − nL)Ωi. (91)
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This motivates to generalize the idea of boost (86) to the case in which a non-zero vorticity is present as well. So one
expects the following boost to perform the desired Lorentz transformations in this case:
β =
χ¯R − χ¯L
4w
B+
(nR − nL)
w
Ω. (92)
VI. LAB FRAME IS A NO-DRAG FRAME
The hydrodynamic frame corresponding to the long wave-length limit of the kinetic theory is the Laboratory (Lab)
frame. In the Lab frame the velocity of fluid in equilibrium coincides with the four velocity of laboratory, to all
orders in derivative expansion [15]. Our result in previous section so means that in the absence of dissipation one can
transform the rest frame of the fluid in Landau-Lifshitz frame to that in Lab farme, by the boost (92).
There are two important points about the hydrodynamics in the Lab frame. First, the transport coefficients in
this frame have been computed in different frameworks; from quantum kinetic theory [31], microscopic thermal field
theory [36] and also from the lowest Landau level currents [28]. The second point is that the Lab frame is in fact a
no-drag frame. In [29], it has been shown that in an anomalous fluid, there is a frame in which a stationary obstacle
experiences no drag. One can say that an impurity started to move under the influence of the drag force, will be finally
carried by the flow and it defines the no-drag frame. It can be shown that the constitutive relations in the no-drag
frame is a general case of the constitutive relations in the Lab frame [28]. The computations of [29] are limited to the
simple case of an anomalous fluid with only one flavor.
We generalize the computations of [29] to a system of non-Abelian chiral fermions and compute the transport
coefficients in the no-drag frame for such system. Then we show that our results in a special case reduce to the
constitutive relations for a system of right- and left-handed fermions in the Lab frame. This simply says that the
hydro limit of kinetic theory corresponds to a no-drag frame. To reconfirm the idea of boost, mentioned in previous
section, we compute the velocity of boost, i.e. T 0ino−drag/w, and boost our result to the LL frame. It turns out that the
transport coefficients obtained from this transformations are exactly those obtained from hydrodynamics in a system
with non-Abelian currents in LL frame [30].
A. No-Drag Frame for a System of Non-Abelian Fermions
Explicitly speaking, we will find the structure of the constitutive relations such that the drag force exerted on a
quark in the fluid gets correction neither from the magnetic field nor from vorticity. Since it turns out that this drag
force would no longer act on a rest quark in the rest frame of the fluid, the corresponding fluid frame would be a
no-drag frame.
Let us consider a point-like heavy quark in the fluid. Due to interaction with the fluid, quark perturbs its surrounding
medium and fluid exerts a friction-like force on the quark, the so-called drag force [42]. The drag force is minus the
rate at which the quark deposits its momentum into the fluid. In the absence of any external source, the quark
gradually loses its energy and momentum and slows down. By applying an external force density Fµ, e.g. an electric
force, we may supply the energy and momentum which quark needs to move uniformly in the fluid. The conservation
equations in this case may be written as
∂µT
µν = F νλa J
a
λ + Fν , (93)
∂µJ
aµ = CabcEb ·Bc, (94)
where Fν is the local 4-momentum transfer from the quark to the fluid, i.e., the minus of drag force, per unit volume.
In the above expressions, Cabc refers to the anomaly coefficients and is totally symmetric under permutation of indices.
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We have also defined the field strength as
F aλν = Eaλuν − Eaνuλ + ǫλναβuαBaβ . (95)
By the use of the second law of thermodynamics we find a frame in which the quark is not exerted by the drag force.
We will see that this frame is exactly the Lab frame that we found by boosting the LL frame.
Let us first consider the constitutive relations. Up to first order in derivatives and in a general hydrodynamic frame,
which we call it X, we may write
T µν = w uµuν + p ηµν + ξaTB (B
aµuν +Baνuµ) + ξTω (ω
µuν + ωνuµ) , (96)
Jaµ = nauµ + ξabJB B
bµ + ξaJω ω
µ, (97)
Sµ = s uµ + ξasB B
aµ + ξsω ω
µ. (98)
We have assumed that no dissipative effect is present in the fluid except for the drag force on the quark. In order to
apply the second law of thermodynamics, we have to compute the divergence of the entropy current. To this end we
first use the ideal fluid (zeroth order) equations of motion and obtain
∂µB
µ
a = −2ω · Ea +
Baµ
w
(
ncEcµ − ∂µp+ ζcBcµ + κωµ
)
,
∂µω
µ =
2ωµ
w
(
ncEcµ − ∂µp+ ζcBcµ + κωµ
)
, (99)
with
ζc = DξcTB + 2θ ξcTB , κ = DξTω + 2θ ξTω (100)
Then by performing some lengthy computations we reach
∂µS
µ = u · F +
(
∂µξ
b
sB +
µa
T
∂µξ
ab
JB −
1
T
∂µξ
b
TB
)
Bbµ +
(
1
T
ξcbJB − Cabc
µa
T
)
BbµEcµ
+
1
w
(
ξbsB +
µa
T
ξabJB −
2
T
ξbTB
)(
ncBbµEcµ −Bbµ∂µp+BbµBcµζc +Bbµωµκ
)
+ ωµ
(
∂µξsω +
µa
T
∂µξ
a
Jω −
1
T
∂µξTω
)
+
(
1
T
ξbJω − 2
(
ξbsB +
µa
T
ξabJB −
1
T
ξbTB
))
ωµEbµ
+
1
w
(
ξsω +
2µa
T
ξaJω −
3
T
ξTω
)(
ncωµEcµ − ωµ∂µp+ ωµBcµζc + ωµωµκ
)
.
(101)
where we used the following definitions:
D ≡ uν∂ν , θ ≡ ∂µuµ. (102)
In the absence of u ·F term, there are nine independent structures in (101) which may have either positive or negative
sign. So in order to the divergence of entropy current be non-negative, one demands that these nine contributions
have to vanish identically. However, these nine equations are not fully independent. It turns out that three of them
are combinations of the other six. So one finds six independent constraints as the following
ξabJB − Cabcµc = 0, (103)
TξbsB + µ
aξabJB − 2ξbTB = 0, (104)
2(TξbsB + µ
aξabJB − ξbTB) = ξbJω, (105)
2Tξsω + 2µ
aξaJω − 3ξTω = 0, (106)
TDξbsB + µaDξabJB −DξbTB = 0, (107)
TDξsω + µaDξaJω −DξTω = 0. (108)
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Among these, the first four equations are algebraic while the last two ones are differential equations. From equations
(103) and (104) we have
ξabJB = C
abcµc, ξbTB =
Cabcµaµc
2
+
TξbsB
2
. (109)
Now we insert these expressions into the differential equation (107). Recalling that the coefficients Cabc are totally
symmetric under permutation of indices, we find
TDξbsB + µaDξabJB −DξbTB = TDξbsB − ξbsBDT = 0. (110)
This equation can be solved exactly for ξbsB
TDξbsB − ξbsBDT = T 2D
(
ξbsB
T
)
= 0 → ξbsB = βbT. (111)
with βa is a constant coefficient. Then by substituting equations (109) and (111) in (105) we obtain
ξbJω = β
bT 2 + Cabcµaµc. (112)
This together with (106) leads to
ξTω =
2
3
Cabcµaµbµc +
2
3
βaµaT 2 +
2Tξsω
3
. (113)
By substituting expressions (112) and (113) into the differential equation (108) we reach
TDξsω − 2ξsωDT + 2βaµaTDT − 2βaT 2Dµa = 0, (114)
which gives
T 3D
(
ξsω
T 2
− 2µ
aβa
T
)
= 0 → ξsω = γT 2 + 2βaµaT. (115)
with γ a constant coefficient. In what follows we write the final form of these chiral transport coefficients in X frame
ξaTB =
1
2
(
βaT 2 + Cabcµbµc
)
, ξTω =
2Cabc
3
µaµbµc + 2βaµaT 2 +
2γ
3
T 3, (116)
ξabJB = C
abcµc, ξaJω = β
aT 2 + Cabcµbµc, (117)
ξasB = β
aT, ξsω = 2β
aµaT + γT 2. (118)
where as mentioned above, βa and γ are constant. Substituting these solutions into (101), we are left with
∂µS
µ = u · F . (119)
The general structure of Fµ for a quark moving in a neutral fluid has been found in [43, 44], up to first order
in derivative expansion. It turns out that in the absence of dissipation and in a non-chiral fluid, a quark with four
velocity u˜µ is dragged by the fluid with
Fµ(0) = α1
(
(u.u˜) u˜µ + uµ
)
, (120)
where α1 is a non-negative coefficient function including the information about the interaction between quark and
the fluid as well as the thermodynamics of the fluid; so it may depend on S1 = u · u˜, T and etc. In a charged fluid,
however, the coefficient function might depend on the chemical µa potential as well. In a slowly rotating chiral fluid
coupled to a homogeneous weak magnetic field, the above drag force gets correction from both magnetic field and
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vosticity. Considering the set of all zero and first order derivative independent data given in Table II, we may formally
write the most general form of the covariant chiral drag force up to first order in derivative expansion in the X frame
as
Fµ = Fµ(0) + ǫf Fµ(1)
=
(
1 + ǫf
(
αas2 S
a
2 + αs3 S3
))Fµ(0) + ǫf (αav2 V aµ2 + αv3 V µ3 ) . (121)
Here Fµ(0) is nothing but the drag force in the ideal fluid, i.e. (120), which may be also written as
Fµ(0) = α1 V µ1 . (122)
It is clear that once the five drag coefficient functions, namely α, αas2, αs3, α
a
v2 and αv3, are determined, the drag
SO(3) zero order first order
classification independent data independent data
Scalar S1 = u · u˜ S
a
2 = u˜ ·B
a
S3 = u˜ · ω
Vector V µ1 = u
µ + S1 u˜
µ
V
aµ
2 = B
aµ + Sa2 u˜
µ
V
µ
3 = ω
µ + S3 u˜
µ
TABLE II: One derivative data contributing to chiral drag force
force would be fully specified. What may constrain the structure of these coefficient functions is the second law of
thermodynamics which states that the divergence of entropy current associated with any physical hydrodynamical
flow must be non-negative. Let us so simplify (119) by use of (121). It turns out that
∂µS
µ = u · F = (1 + αas2 Sa2 + αs3 S3)(S21 − 1)α1 + αav2 S1Sa2 + αv3 S1S3. (123)
We already know that the second law constrains the coefficient of drag in the ideal fluid as α1 ≥ 0. However, it would
not be possible to constrain the other four coefficients by the second law. This is due to this fact that the Sa2 and S3
may have either sign, depending on the profile of magnetic field and vorticity. So we conclude that in order to hold
solutions (116), (117), (118) and simultaneously satisfy ∂µS
µ ≥ 0, the four unknown coefficients of the chiral drag
force must vanish in the X frame:
αas2 = αs3 = α
a
v2 = αv3 = 0. (124)
The chiral drag force then turns out to take the following form in the X frame:
FµX = α1
(
(u.u˜) u˜µ + uµ
)
, α1 ≥ 0. (125)
Now let us investigate how a quark at rest, u˜µ = (1,0), in the rest frame of the fluid, uµ = (1,0), in X frame, is
dragged. It is simple to see that in this case (125) simplifies to
FµX = 0, (126)
which means that X frame is nothing but the no-drag frame.
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When the fluid is constituted of two U(1) flavors, i.e. one axial A together with one vector V , then a, b, c ∈ {A, V }
and we will have
CV V V = CAAV = 0, CAAA = CV V A = C, (127)
and also βA = 0 and βV = D. The structure of constitutive relations in this case may be written as
T µν = wuµuν + p gµν + σǫB(u
µBν + uνBµ) + σǫω(u
µων + uνωµ), (128)
JµV = nV u
µ + σV B Bµ + σV ω ωµ, (129)
JµA = nA u
µ + σAB Bµ + σAωωµ. (130)
The corresponding transport coefficients are given by [28, 31, 36]
σǫB =
χ¯R − χ¯L
4
=
µ2R − µ2L
8π2
, (131)
σǫω = nR − nL, (132)
σV B =
(
ξV B + nV
χ¯R − χ¯L
4w
)
=
µR − µL
4π2
, (133)
σV ω =
(
ξV B + nV
nR − nL
w
)
=
µ2R − µ2L
4π2
, (134)
σAB =
(
ξAB + nA
χ¯R − χ¯L
4w
)
=
µR + µL
4π2
, (135)
σAω =
(
ξAB + nA
nR − nL
w
)
=
T 2
6
+
µ2R + µ
2
L
4π2
. (136)
In the following we show that these set of chiral transport coefficients of the Lab frame, are a special case of coefficients
(116), (117) and (118) of the no-drag frame. First by the use of of (127), we rewrite the mentioned transport coefficients
as the following
ξVTB =
1
2
(
βV T 2 + CµV µA
)
, ξTω =
2C
3
(
µ2V + 3µ
2
A
)
+ 2
(
βV µV + βAµA
)
T 2 +
2γ
3
T 3, (137)
ξAVJB = CµV , ξV VJB = CµA, (138)
ξAJω = β
AT 2 + C(µ2A + µ2V ), ξVJω = βV T 2 + C(µ2V + 3µ2A), (139)
ξVsB = β
V T, ξsω = 2
(
βV µV + β
AµA
)
T + γ T 2. (140)
Equating each of the above expressions with its counterpart among equations (131) to (135), we obtain
γ = 0, βV = 0, βA =
1
6
, C = 1
2π2
. (141)
That we could find a set of constant coefficients (141) which equates the transport coefficients in the Lab frame with
those in no-drag frame shows that the Lab frame is basically a no-drag frame.
Let us review what we found in this subsection The novel result was finding the anomalous transport coefficients in
the no-drag frame for a system of non-Abelian fermions. As it was expected, we also showed that the system under
our study in the first part of the paper, namely the system of right- and left-handed fermions, in the hydro limit is
identified in a no-drag frame.
B. Reproducing the Results of Neiman-Oz by Boost
As the first check for the idea of boost, in section V, we showed that how the velocity of hydro modes in LLframe
may be found from those in the Lab frame. In this subsection we check the idea of boost in another way. We focus
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on the system of non-Abelian chiral fermions. The structure of the hydro constitutive relations for this system was
completely specified in no-drag frame in previous subsection. After finding the boost velocity, we make a boost from
the rest frame of the fluid in no-drag frame to the rest frame of the fluid in LL frame. We then find the constitutive
relations in the latter frame and compare them with the results of [30].
Motivated by observation of the difference between (85) and (84), we first compute the energy flow in the rest frame
of the fluid in no-drag frame. Let us take uµ = (1,0) in (96). We obtain
T 00 = ǫ, T 0i = ξaTB B
ai + ξTω Ω
i, T ij = pδij (142)
J0 = n, Jai = ξabJB B
bi + ξaJω Ω
i (143)
According to the discussion of section V, the velocity of the boost between no-drag frame and LL frame will then be
βi =
1
w
T 0i =
ξaTB
w
Bai +
ξTω
w
Ωi. (144)
Now by applying the above boost to (142) and (143), we obtain (see XB for details)
T 00 = ǫ, T 0i = 0 , T ij = pδij (145)
J0 = n, Jai =
(
ξabJB −
ξbTBn
a
w
)
Bai +
(
ξaJω −
ξTωn
a
w
)
Ωi. (146)
So in a general Lorentz frame we can write
T µνLL = (ǫ + p)u
µuν + pηµν (147)
JaµLL = n
auµ +
(
ξabJB −
ξbTBn
a
w
)
Bbµ +
(
ξaJω −
ξTωn
a
w
)
ωµ. (148)
By using (116), (117) and (118) we find the coefficients of CME and CVE in the LL frame as the following
ξabB LL = ξ
ab
JB −
ξbTBn
a
w
= Cabcµc − n
a
w
(
βbT 2
2
+
Cbcdµcµd
2
)
,
ξaωLL = ξ
a
Jω −
ξTωn
a
w
= βaT 2 + Cabcµbµc − 2n
a
w
(
Cabc
3
µaµbµc + βaµaT 2 +
γ
3
T 3
)
. (149)
These expressions are exactly the constitutive relations in LL frame found in [30] for a system of non-Abelian fermions.
VII. THE GENERAL FORM OF CHIRAL DRAG FORCE IN THE LANDAU-LIFSHITZ FRAME:
COMPARISON WITH THE HOLOGRAPHY RESULT
In section V, we obtained the first evidence for testing this idea that the hydrodynamic frames may be transformed
to each other by boost transformations. We used these transformations to derive the hydrodynamic constitutive
relations in the hydro limit of chiral kinetic theory from those of LL frame. Then in section VI, we showed that
the fluid frame associated with the hydro limit of chiral kinetic theory, namely the Lab frame, is actually a no-drag
frame. This observation motivates to examine the idea of boost by computing the chiral drag force in the LL frame
and compare it with the well-known result obtained from the Fluid/Gravity duality in the same frame.
A. Chiral Drag Force in the Landau-Lifshitz Frame
Our strategy to find the chiral drag force in the LL frame is as the following. We first evaluate the general drag
force (121) in the rest frame of the fluid, uµ = (1,0), for a quark moving with four velocity u˜µLL = γ˜
′(1, v˜′x, v˜
′
y, v˜
′
z). We
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call this force as FµRF,LL [52]. Considering (92), we then make a −β boost to go from the LL frame to the no-drag
frame. Doing so, the four velocity of the quark is transformed to u˜µno−drag = γ˜(1, v˜x, v˜y, v˜z). The resultant drag force
would be FµRF,no−drag and when evaluating for a quark at rest in this frame, has to vanish. This requirement gives
the complete form of the chiral drag force in the rest frame of the fluid in the LL frame, consistent with the result of
Fluid/Gravity duality.
For the sake of simplicity we first focus on the non-rotating case and just couple the fluid to a magnetic field.
The generalization to the case of rotating fluid would be straightforward. We get the magnetic field in the z−
direction and so Baµ = (0, 0, 0,Ba). By exploiting the rotational symmetry we can get the velocity of the quark as
u˜µLL = γ˜
′(1, v˜′x, 0, v˜
′
z). The chiral drag force FµRF,LL then turns out to be
FµRF,LL =


α1(−γ˜′)
(
1− γ˜′2 + αas2(−γ˜′) (1 − γ˜′2)γ˜′v˜′z Ba
)
+ αav2(−γ˜′) γ˜′2v˜′z Ba
α1(−γ˜′)
(−γ˜′2v˜′x − αas2(−γ˜′) γ˜′3v˜′xv˜′z Ba)+ αav2(−γ˜′) γ˜′2v˜′xv˜′z Ba
0
α1(−γ˜′)
(−γ˜′2v˜′z − αas2(−γ˜′) γ˜′3v˜′2z Ba)+ αav2(−γ˜′) (1 + γ˜′2v˜′2z ) Ba

+O(B2). (150)
In this expression we have explicitly shown the dependence of α1, α
a
s2 and α
a
v2 on the S1 = u · u˜ = −γ˜. Note that,
however, it is just for our later requirements and does not mean that these coefficient functions are functions of only
S1. As mentioned earlier, in general, they might depend on thermodynamic quantities like T as well.
Now, making a boost βµ = (1, 0, 0,−β) we find the drag force in the no-drag frame. From (92) we know that
β ∼ O(∂) and so the boost velocity is normalized to −1, up to first order in derivatives, i.e. βµβµ = −1 + O(∂2).
Then for this special choice of rotational frame (150) reads
FµRF,no−drag =


α1(−γ˜′)
(
1− γ˜′2 + αas2(−γ˜′) (1− γ˜′2)γ˜′v˜′z Ba
)
+ αav2(−γ˜′) γ˜′2v˜′z Ba − α1(−γ˜′)γ˜′2v˜′z β
α1(−γ˜′)
(−γ˜′2v˜′x − αas2(−γ˜′) γ˜′3v˜′xv˜′z Ba)+ αav2(−γ˜′) γ˜′2v˜′xv˜′z Ba
0
α1(−γ˜′)
(−γ˜′2v˜′z − αas2(−γ˜′) γ˜′3v˜′2z Ba)+ αav2(−γ˜′) (1 + γ˜′2v˜′2z ) Ba + α1(−γ˜′)(1− γ˜′2)β

+O(B2).
(151)
In order to write the above force in terms of the quark velocity in the no-drag frame, we boost the quark velocity
itself as the following:
v˜′x = v˜x + v˜xv˜zβ + O(β
2), (152)
v˜′y = v˜y + O(β
2), (153)
v˜′z = v˜z − (1− v˜2z)β + O(β2), (154)
γ˜′ = γ˜(1− v˜z β) + O(β2). (155)
So (151) may be rewritten as it follows:
FµRF,no−drag
=


α1(−γ˜) + (1− γ˜2)
(
α1(−γ˜)αas2(−γ˜) (1 − γ˜2)γ˜ + αav2(−γ˜) γ˜2
)
v˜z B
a − (2α1(−γ˜)γ˜ + α′1(−γ˜)(1 − γ˜2)) γ˜v˜z β
−α1(−γ˜)γ˜2v˜x +
(−α1(−γ˜)αas2(−γ˜)γ˜3 + αav2(−γ˜)γ˜2) v˜xv˜zBa + (α1(−γ˜)− α′1(−γ˜)γ˜ ) γ˜2v˜xv˜z β
0
−α1(−γ˜)γ˜2v˜z +
(
αav2(−γ˜) +
(
αav2(−γ˜)γ˜2 − α1(−γ˜)αas2(−γ˜)γ˜3
)
v˜2z
)
Ba +
(
(α1(−γ˜)− α′1(−γ˜)γ˜ ) γ˜2v˜2z − α1(−γ˜)γ˜2
)
β


,
(156)
where
α′1(−γ˜) =
(
∂α1
∂S1
)
S1=−γ˜
. (157)
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For a quark at rest in the rest frame of the fluid, (156) takes a simpler form which we call it Fµ,rest−qRF,no−drag in the
following. Let us take v˜x = v˜z = 0 and consequently γ˜ = 1. We then find
Fµ,rest−qRF,no−drag =


0
0
0
αav2(−1)Ba − α1(−1)β

 . (158)
Since by definition, Fµ,rest−qRF,no−drag has to vanish, we obtain the following constraint on the coefficient functions of drag
force:
αav2(−1)Ba = β α1(−1). (159)
Let us now focus on the special case which the system contains the charges of the symmetry group U(1)A × U(1)V .
We get naturally BA = 0 and BV = B. We also drop the superscript of αas2 and α
a
v2. If we added a global rotation
we would also find a similar constraint on αv3(−1). On the other hand by use of (92), (131) and (132), β is given by
β =
σǫB
4w
B+
σǫω
w
Ω. (160)
So one concludes that
αv2(−1) = σ
ǫ
B
4w
α1(−1), (161)
αv3(−1) = σ
ǫ
ω
w
α1(−1). (162)
Up to know and in general, what all we have found about the chiral drag force in the LL frame is the general form
of the drag force (121) together with two constraints (161) and (162). In the next subsection we show that these are
sufficient to reproduce the AdS/CFT result on drag force exerted on a quark at rest in the rest frame of the fluid in
LL frame.
B. Comparison with the AdS/CFT Result
Computing drag force exerted on a moving quark in a dynamical flow is the subject of series of papers [43, 44, 47].
Using Fluid/Gravity duality, the effect of fluid gradients on the drag force was computed in these papers. It has been
shown that when the fluid is neutral, the effect arises in terms of ∂µu
µ and ∂µT . For a charged fluid, however, terms
with gradients of chemical potentials, like ∂µ
µ
T
, appear as well. All these corrections are dissipative corrections at
first order in derivatives.
Such computations has been extended to the case of a chiral fluid. In [35] by considering a globally rotating fluid
in presence of a magnetic field, the chiral drag force is computed to first order in derivative expansion. The latter
means that the magnetic field and vorticity of the fluid have been assumed such weak that one can regard them as
one derivative objects in derivative expansion. In the following, we will demonstrate that by use of the well-known
results of AdS/CFT duality (and Fluid/Gravity duality) on α1, σ
ǫ
B and σ
ǫ
ω, one can successfully reproduce the chiral
drag force exerted on a quark at rest in the rest frame of the fluid in the LL frame, computed in [35], with no use of
the holographic computations done at that paper.
Let us compute the chiral drag force exerted on the quark in the rest frame of the LL frame. Considering (150),
with v˜x = v˜z = 0 and also by adding a global vorticity ω, one finds:
Fµ,rest−qRF,LL =


0
0
0
αv2(−1) B + αv3(−1) Ω

+O(B2,Ω2). (163)
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Now by using (161) and (162), we may write the chiral drag 3-force covariantly as
f = α1(−1)
(
σǫB
4w
B+
σǫω
w
Ω
)
. (164)
As mentioned below (120), the α1 coefficient in general is a function of S1 as well as thermodynamic quantities
like T and µ. For quark moving in a hot plasma like quark gluon plasma, due to strong coupling, perturbative
computations fail. Alternatively, by using the AdS/CFT and holographic pictures, some analytical results have been
found about the drag force. In [32, 33] the drag force affected on a moving quark in a neutral static plasma has been
computed via attaching the quark to the end point of a string trailing in the AdS bulk and studying the dynamics on
the world-sheet. By making a boost and go to a general Lorentz frame, one may generally find the drag force exerted
on a quark with velocity u˜µ in a fluid with velocity uµ, namely the force given by (120). It turns out that
Fµ(0) =
√
λ
2π
π2T 2
(
(u.u˜) u˜µ + uµ
)
(165)
where λ is the t’Hooft coupling. The author of [45] generalized such computations to the case in which a U(1) global
charge is in the system as well, with its corresponding chemical potential µ. It was shown that in this case and to
order µ2/T 2:
Fµ(0) =
√
λ
2π
π2T 2
(
1 +
1 + 3S1
6S1
µ2
(πT )2
)(
(u.u˜) u˜µ + uµ
)
. (166)
It is natural to more generalize this formula for a plasma with a number of U(1) global currents. When considering
right and left handed charges, one may replace µ2 with µ2R − µ2L or in the basis of vector and axial currents with
4µAµV . So, what AdS/CFT gives as α1 for our purposes in this paper, up to order µ
2/T 2, is as the following:
α1 =
√
λ
2π
π2T 2
(
1 +
1 + 3S1
6S1
4µAµV
(πT )2
)
. (167)
On the other hand, σǫB and σ
ǫ
ω have been found in the AdS/CFT as well. Adding the Chern-Simons coupling terms
for both F 2 and R2 terms in the AdS bulk, the authors of [36] have found these coefficients in a fluid with a single
anomalous current as
σǫB =
π
2G5
(
κ
µ2
2π2
+ κg 4T
2
)
(168)
σǫω =
π
2G5
(
κ
µ3
3π2
+ κg 8µT
2
)
(169)
where κ and κg = κ/24 are proportional to the coefficients of axial anomaly and gravitational anomaly on the
boundary field theory, respectively. In the expressions above, G5 is the Newton constant in 5-dimension and can be
written in terms of the boundary theory thermodynamics [46]. Doing so in a system of both vector and axial currents,
we obtain
σǫB =
w
(πT )2
(
κ
2π2
4µAµV
T 2
+ 8κg
)
(170)
σǫω =
w
(πT )2
(
2κ
3π2
6µ2V + 2µ
2
A
T 2
+ 16κg
)
µA. (171)
Substituting (167), (170) and (171) into (164) and keeping terms up to second order on µ/T , we obtain:
f =
κ
√
λ
2π3
(
4µAµV
T 2
+ 16π2
κg
κ
)
B+
κ
√
λ
3π3
(
6µ2V + 2µ
2
A
T 2
µA + 24π
2κg
κ
µA
)
Ω. (172)
This is one last result in this paper. There are two points however which has to be noted. First, when κg = 0, this
formula is exactly coincides with the formula (5.1) derived in [35]. The apparent difference in the multiplicative factor
in second term is due to this fact that the definition of vorticity in [35] is as ωµ = ǫµναβuν∂αuβ which is twice of
our vorticity defined below (72). Second, we have not only reproduced the result of [35], but also we have found the
gravitational anomaly contribution to the chiral drag force which was neglected in computing (172) in [35].
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VIII. SUMMARY, CONCLUSION AND OUTLOOK
In this paper we have studied a system of right- and left-handed Weyl fermions in presence of a constant magnetic
field, in the framework of chiral kinetic theory. Specifically we have computed the hydrodynamic excitations in this
system. Not only the density of right- and left-handed charges may propagate, but also the energy and momentum
perturbations are allowed to couple them and propagate in our system. To our knowledge, non of previous studies in
the literature has taken the effect of momentum perturbations into account.
As our first result we have shown that the true computations in chiral kinetic theory in such system requires a
modification in the definition of the momentum current (18). The latter is dictated by the Lorentz invariance. We
have used this modified current to compute the linearized equations of momentum conservation in the hydro regime.
Together with the linearized form of the energy and charge conservation equations, the latter make a set of six coupled
equations (26), (44). From these equations we have computed the set of hydro modes in the system (57). We have
seen that these modes are not the same as those computed directly from the hydrodynamic in the LL frame, before.
This observation was our main motivation for the second part of the paper.
By comparing the energy flow in the rest frame of our system with that in the rest frame of the fluid in the LL
frame, we showed that there is a boost linking between the rest frame of the fluid in the above two cases in equilibrium
(92). Let us mention that while somewhere in the literature the change of the frame is referred to as the ”shift in the
velocity of the fluid” [28], to our knowledge, nowhere it was related to a boost between the rest frames of the fluid in
two frames, specifically in equilibrium, before.
To confirm the idea of boost, we applied it to the set of dispersion relations obtained from chiral kinetic theory and
found the results of hydrodynamics in the LL frame (88), (89), (90). We then tested the idea in another direction.
Inspired by the fact that the hydrodynamic frame in a system of single chirality Weyl fermions is a no-drag frame,
we found the structure of the hydro constitutive relations in a no-drag frame for a system of non-Abelian fermions
(see (116), (117) and (118)). The reason for choosing such system is two-fold. First, in a special case this system
may reduce to the system of right- and left-handed fermions discussed in the first part of the paper. Second, the
constitutive relations for such system in the LL frame were computed before [30]. Focusing on the results of the
no-drag frame, we then found the velocity of boost which transforms the rest frame of the fluid in no-drag frame to
that in LL frame (144). Using this we could reproduce the results previously found in the LL frame (149).
Our last result was to reproduce one of the well-known results of AdS/CFT, however, without performing any
holographic computations. In [35], the chiral drag force exerted on a quark moving in a chiral fluid was computed.
We first determined the most general form of the chiral transport in a chiral fluid in presence of constant magnetic
field and vorticity up to first order in derivative expansion (121). Then we evaluated it for a quark in the rest frame
of the fluid in LL frame. By boosting the force from LL to no-drag frame and demanding the resultant force to vanish
in the rest frame of the fluid for a quark at rest, we found two constraints on the coefficients of general drag force
(161), (162). Using this we could reproduce the chiral drag force exerted on a quark at rest in the rest frame of the
fluid in LL frame (172).
Let us now discuss on the physical implications of the results. Concerning the first part of the paper, and specifically
the modification of the momentum current, we think that it might be an important step towards understanding the
collisions in chiral kinetic theory in presence of magnetic field. The lack of such framework was pointed out in [23]. It
can be also important when considering the chiral kinetic theory beyond the hydrodynamic limit. The latter means
that such modification is crucial to find the precise spectrum of the non-hydrodynamic modes in the system.
The second part of the paper is mostly involved with the notion of frame in hydrodynamics. What we have shown
in this paper may have some important consequences. First let us recall that the chiral Alfve´n wave was found firstly
as a new gapless excitation in a fluid with one single chirality, in the LL frame [24, 25, 48]. Interestingly if we repeat
the computations in the Lab frame we will see that at zero density limit, the chiral Alfve´n wave basically does not
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exist in this frame. The reason is that the velocity of boost between two frames is exactly the velocity of this wave in
LL frame (see Appendix XC). This means that the appearance of chiral Alfve´n wave in the system of single chirality
fermions, in LL frame, is a frame-dragging effect. However, it is worth-mentioning that such wave would propagate
in the Lab frame if we had two species of fermions with different densities [26]. The latter may physically be related
to the QCD fluid in heavy ion collision experiments.
Second, our results show that in general, the hydrodynamic modes are not frame invariant, while they seem
physically to be so. They are in fact frame invariant as long as no non-vanishing one derivative vector exists in
equilibrium. It is exactly for this reason that in a non-chiral fluid, the set of hydrodynamic modes in LL frames are
the same as those in Eckart frame. It has to be noted the latter would no longer be true in a strong magnetic field;
since in this case the magnetic field can turn on the off-diagonal components of the energy momentum tensor and
contribute to the boost velocity, even in a non-chiral matter [49, 50]. In summary what precisely determines whether
the hydro modes are frame dependent or not is the presence or non-presence of a non-vanishing vector in equilibrium
in the system.
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X. APPENDIX
A. Thermodynamic relations
To compare obtained modes from (57) with those of hydrodynamics approach, it is useful to introduce some
thermodynamic quantities. In the case of double- current fluid, for small deviations from equilibrium state, one can
write the changes of macroscopic quantities in terms of the fluctuations of some independent variables
δǫ =
(
∂ǫ
∂T
)
µR,µL
δT +
(
∂ǫ
∂µR
)
T,µL
δµR +
(
∂ǫ
∂µL
)
µR,T
δµL,
δnR =
(
∂nR
∂T
)
µR,µL
δT +
(
∂nR
∂µR
)
T,µL
δµR +
(
∂nR
∂µL
)
µR,T
δµL,
δnL =
(
∂nL
∂T
)
µR,µL
δT +
(
∂nL
∂µR
)
T,µL
δµR +
(
∂nL
∂µL
)
µR,T
δµL. (173)
By using the given expressions in equation (12), one could calculate the above coefficients. However, we define these
coefficients (susceptibility matrix elements) in the basis of vector- axial as follow
ε =

α1 α2 α3β1 β2 β3
γ1 γ2 γ3

 =


∂ǫ
∂T
∂ǫ
∂µV
∂ǫ
∂µA
∂nV
∂T
∂nV
∂µV
∂nV
∂µA
∂nA
∂T
∂nA
∂µV
∂nA
∂µA

 . (174)
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B. Boost transformation from No-Drag frame to LL Frame
For the sake of simplicity we get the boost in the third direction only. The energy momentum components are
transformed as the following
[T ]µν = [Λβ]
µ
α [T
′]αγ [Λβ] νγ

T 00 T 0x T 0y T 0z
T x0 T xx T xy T xz
T y0 T yx T yy T yz
T z0 T zx T zy T zz

 =


γ 0 0 −γβ ǫf
0 1 0 0
0 0 1 0
−γβ ǫf 0 0 γ




T ′00 T ′0x T ′0y T ′0z
T ′x0 T ′xx T ′xy T ′xz
T ′y0 T ′yx T ′yy T ′yz
T ′z0 T ′zx T ′zy T ′zz




γ 0 0 −γβ ǫf
0 1 0 0
0 0 1 0
−γβ ǫf 0 0 γ


=


γ 0 0 −γβ ǫf
0 1 0 0
0 0 1 0
−γβ ǫf 0 0 γ




ǫ 0 0 wβǫf
0 p 0 0
0 0 p 0
wβǫf 0 0 p




γ 0 0 −γβ ǫf
0 1 0 0
0 0 1 0
−γβ ǫf 0 0 γ


=


ǫ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

+O(ǫ2f ). (175)
Here w is enthalpy w = ǫ+ p and β is the velocity of boost β =
ξaTBB
a
w
+ ξTωΩ
w
. As expected we find no energy flows
in the rest frame of the LL frame
T 00 = ǫ, T 0i = 0, T ij = pδij . (176)
In what follows, we do this transformation for currents
[Ja]µ = [Λβ]
µ
α [J
′a]α

(J0)a
(Jx)a
(Jy)a
(Jz)a

 =


γ 0 0 −γβ ǫf
0 1 0 0
0 0 1 0
−γβ ǫf 0 0 γ




(J ′0)a
(J ′x)a
(J ′y)a
(J ′z)a

 =


γ 0 0 −γβ ǫf
0 1 0 0
0 0 1 0
−γβ ǫf 0 0 γ




na
0
0
ξabJBB
b + ξaJωΩ


=


na
0
0
(ξabJB − ξ
b
TBn
a
w
)Bb + (ξaJω − ξTωn
a
w
)Ω

+O(ǫf )2. (177)
We do the same calculation for entropy current
[S]µ = [Λβ]
µ
α [S
′]α

S0
Sx
Sy
Sz

 =


γ 0 0 −γβ ǫf
0 1 0 0
0 0 1 0
−γβ ǫf 0 0 γ




S′0
S′x
S′y
S′z

 =


γ 0 0 −γβ ǫf
0 1 0 0
0 0 1 0
−γβ ǫf 0 0 γ




s
0
0
ξasBB
a + ξsωΩ


=


s
0
0
(ξasB − s ξ
a
TB
w
)Ba + (ξsω − s ξTωw )Ω

+O(ǫf )2. (178)
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By these components one could write the general form of entropy current in LL frame as
SµLL = su
µ + (ξasB −
s ξaTB
w
)Baµ + (ξsω − s ξTω
w
)ωµ. (179)
In LL frame the entropy current has the following form [14],[30]
SµLL = su
µ − µ
a
T
JaµLan + ξ˜
a
BB
aµ + ξ˜ωω
µ. (180)
Equating relations (179) and (180) and by using relations (116), (117), (118) and (149) we obtain the transport
coefficients ξ˜aB and ξ˜ω as
ξ˜aB = ξ
a
sB −
s ξaTB
w
+ ξabB Lan
µb
T
=
1
2T
Cabcµbµc +
βa
2
T,
ξ˜ω = ξsω − s ξTω
w
+ ξaω Lan
µa
T
=
1
3T
Cabcµaµbµc + βaµaT +
γ
3
T 2, (181)
which are exactly those obtained in [30].
J ′0 = J0 + β Jx ǫf +O(ǫ2f )
=(nu0 + ξBB
0 ǫf ) +
χ¯R − χ¯L
4w
Bx (nux)ǫf +O(ǫ
2
f )
=(nu0 + ξBB
0 ǫf ) + n
χ¯R − χ¯L
4w
B0ǫf +O(ǫ
2
f )
=nu0 +
(
ξB + n
χ¯R − χ¯L
4w
)
B0ǫf +O(ǫ
2
f )
(182)
J ′x = Jx + β J0 ǫf +O(ǫ2f )
=(nux + ξBB
x ǫf ) +
χ¯R − χ¯L
4w
Bx (nu0)ǫf +O(ǫ
2
f )
=(nux + ξBB
x ǫf ) + n
χ¯R − χ¯L
4w
Bxǫf +O(ǫ
2
f )
=nux +
(
ξB + n
χ¯R − χ¯L
4w
)
Bxǫf +O(ǫ
2
f )
(183)
Let us review the above points. We showed that in a weak magnetic field B and in the absence of dissipation, the LL
frame is a Lorentz frame which is moving with velocity (86) with respect to the Laboratory frame.
C. Comparison Between Hydro Modes in LL and Lab Frame for a Fluid with a Single Chirality
For a conformal fluid in the laboratory frame:
T µν = wuµuν + pgµν + σBǫ (u
µBν + uνBµ) + σVǫ (u
µων + uνωµ), (184)
jµ = nuµ + σVωµ + σBBµ, (185)
the non-dissipative transport coefficients are then given as the following [36]
σB =
µ
4π2
σV =
µ2
4π2
+
T 2
12
(186)
σBǫ =
1
2
σV σVǫ =
µ3
6π2
+
µT 2
6
. (187)
In the LL frame we have
T µνLL = (ǫ+ p)u
µuν + pηµν (188)
JµLL = nu
µ +
(
σB − n
ǫ + p
σBǫ
)
︸ ︷︷ ︸
ξB
Bµ +
(
σV − n
ǫ+ p
σVǫ
)
︸ ︷︷ ︸
ξ
ωµ (189)
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It is not hard to see that the set of hydro modes in the above two frames may be given as in the Table III One can
Type of mode Lab frame Landau-lifshitz frame
CMHW v1 =
(
−α1
(
∂σB
∂µ
− n
w
∂σBǫ
∂µ
)
+α2
(
∂σB
∂T
− n
w
∂σBǫ
∂T
)
α2β1−α1β2
)
B v1 =
(
−α1 ∂ξB∂µ +α2
∂ξB
∂T
α2β1−α1β2
)
B
Sound v2,3 = ±cs −
c2s−1
w
σ
B
ǫ B v2,3 = ±cs
CAW v4,5 =
n
2w2
σ
V
ǫ B v4,5 = −
ξ
2w
B
TABLE III: Hydro modes in Lab frame versus those in LL frame
see that the above two sets of hydro modes are related to each other with the following boost velocity
βi = − 1
w
(σBǫ B
i + σVǫ Ω
i) (190)
Interestingly, when µ = 0, we obtain
vLab4,5 = 0, v
LL
4,5 = β. (191)
D. Conservation Equations Integrated Over Unit Sphere
In the relations (29), (34), (38) and (40) we gave the set of expressions contributing to the integrands in the
condservation equations. In order to derive the corresponding hydro equations (30) and (31), (35), (39), (41) and
(42), we have to perform momentum integrals and then sum over particle and anti-particle contributions. The
computations are cumbersome, however, in this Appendix we give the expressions after peforming the integral over
the unit sphere in momentum space. In all expressions we use
B · p = Bp cos θ, p · k = p k cos θ, B · k = B k. (192)
Let us start by performing the integral in the expressions of (29). One obtains∫
dΩ
(2π)3
eACχδµχ′ = −
i β eβ(p−eµχ)
6π2(eβ(p−eµχ) + 1)2
{
3p2ω − λB k
(
2 + pβ tanh(
β
2
(p− eµχ))
)}
,∫
dΩ
(2π)3
eACχδβ =
i e (p− eµχ) eβ(p−eµχ)
6π2(eβ(p−eµχ) + 1)2
{
3p2ω − λB k
(
p− 2eµχ
p− eµχ + pβ tanh(
β
2
(p− eµχ))
)}
,∫
dΩ
(2π)3
eACχ
π⊥i
= 0,∫
dΩ
(2π)3
eACχ
π‖
=
i β e p eβ(p−eµχ)
6π2w (eβ(p−eµχ) + 1)2
{
k p2 − λBω
(
1 + pβ tanh(
β
2
(p− eµχ))
)}
. (193)
33
For the expressions in (34) we reach∫
dΩ
(2π)3
AEδµχ = −
i β e p eβ(p−eµχ)
6π2(eβ(p−eµχ) + 1)2
{
3p2ω − λB k
(
1 + pβ tanh(
β
2
(p− eµχ))
)}
,∫
dΩ
(2π)3
AEδβ =
i p (p− eµχ) eβ(p−eµχ)
6π2(eβ(p−eµχ) + 1)2
{
3p2ω − λB k
(
− eµχ
p− eµχ + pβ tanh(
β
2
(p− eµχ))
)}
,∫
dΩ
(2π)3
AE
π⊥i
= 0,∫
dΩ
(2π)3
AE
π‖
=
i β p3 eβ(p−eµχ)
6π2w (eβ(p−eµχ) + 1)2
{
k p− λBω β tanh(β
2
(p− eµχ))
}
. (194)
Analogous computation for (38) gives∫
dΩ
(2π)3
AP‖δµχ =
i β e p eβ(p−eµχ)
6π2(eβ(p−eµχ) + 1)2
{
k p2 − λBω
(
1 + pβ tanh(
β
2
(p− eµχ))
)}
,∫
dΩ
(2π)3
AP‖δβ = −
i p (p− eµχ) eβ(p−eµχ)
6π2(eβ(p−eµχ) + 1)2
{
k p2 − λBω
(
− eµχ
p− eµχ + pβ tanh(
β
2
(p− eµχ))
)}
,∫
dΩ
(2π)3
AP‖
π⊥i
= 0,∫
dΩ
(2π)3
AP‖
π‖
= − i β p
2 eβ(p−eµχ)
30π2w (eβ(p−eµχ) + 1)2
{
5 p2ω − 3λB k
(
2 + pβ tanh(
β
2
(p− eµχ))
)}
. (195)
For the momentum conservation equation (40), we may write the expressions corresponded to two transverse directions
separately. For P⊥1 we obtain∫
dΩ
(2π)3
AP⊥1δµχ = 0,
∫
dΩ
8π3
AP⊥1δβ = 0,
∫
dΩ
8π3
AP⊥1
δπ‖
= 0,∫
dΩ
(2π)3
AP⊥1
π⊥1
= − i β p
2 eβ(p−eµχ)
30π2w (eβ(p−eµχ) + 1)2
{
5 p2ω + λB k
(
3− pβ tanh(β
2
(p− eµχ))
)}
,∫
dΩ
(2π)3
AP
⊥
1
π⊥2
= − β e p
3 (B + λk ω)eβ(p−eµχ)
6π2w (eβ(p−eµχ) + 1)2
, (196)
and for P⊥2 ∫
dΩ
(2π)3
AP
⊥
2
δµχ
= 0,
∫
dΩ
8π3
AP
⊥
2
δβ = 0,
∫
dΩ
8π3
AP
⊥
2
δπ‖
= 0,∫
dΩ
(2π)3
AP⊥2
π⊥1
=
β e p3 (B + λk ω)eβ(p−eµχ)
6π2w (eβ(p−eµχ) + 1)2
,∫
dΩ
(2π)3
AP⊥2
π⊥2
= − i β p
2 eβ(p−eµχ)
30π2w (eβ(p−eµχ) + 1)2
{
5 p2ω + λB k
(
3− pβ tanh(β
2
(p− eµχ))
)}
. (197)
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